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We continue to analyse the known law of adiabatic transformation for an ideal gas PV3/3 = Constant, where P is

the pressure and V' is the volume, and following the approach of non-relativistic quantum mechanics which we suggested
in a previous work (Yarman et al. 2010 Int. J. Phys. Sci. 5 1524). We explicitly determine the constant for the general

parallelepiped geometry of a container. We also disclose how the quantum numbers associated with molecules of an ideal

gas vary through an arbitrary adiabatic transformation. Physical implications of the results obtained are discussed.
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1. Introduction

It is known that classical thermodynamics oper-
ate in a useful approximation of an “ideal gas”, where
it is thought that the molecules that comprise the gas
do not interact with each other. Furthermore, the vi-
brational or rotational energy levels of molecules are
not excited (see, e.g. Ref. [1]). In effect, any molecule
is considered as being just in its translational motion
in a given container.

The classical phenomenological laws for the de-
scription of an ideal gas were established long ago.[!~4

In the present paper we focus on one of those laws
PV = Constant, (1)

which describes the adiabatic transformation of an
ideal gas. Here P is the pressure, V is the volume
and ~y is 5/3.

In our previous paper,®’) we have shown that for
a gas confined in a cube, undergoing a uniform adia-
batic expansion, the constant on the right-hand side
of Eq. (1), which seems to have never been questioned
before, can easily be derived through non-relativistic
quantum mechanics. It was thereby proven that this
constant appears to be nailed to the square of the
Planck constant, being inversely proportional to the
mass of the molecule of which the gas is comprised.

Here we should remember that the kinetic theory of
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gas fails to disclose the value of the constant of Eq. (1)
(see Ref. [2]).

In Section 2 we summarize briefly the framework
of our approach. Then in Section 3 we reconsider the
same problem, but with an ideal gas confined in a
parallelepiped geometry, undergoing an arbitrary ex-
pansion, in which case the constancy of PV within
the framework of the quantum mechanical approach
happens to be not so easy to prove. Nevertheless, we
succeed in pinning down how quantum numbers asso-
ciated with molecules of an ideal gas confined in par-
allelepiped geometry vary through an arbitrary adi-
abatic transformation, thus providing specifically the
constancy of the product PV7. In Section 4 we briefly
discuss the results obtained. It is important to note
that we exclude all possible interactions of the con-
stituents of the gas with each other, just as in the ideal
gas approach of the kinetic theory of gases. Molecular

excitation is further avoided.

2. Adiabatic transformation of
ideal gas: quantum mechanical

approach

It is known that the law of adiabatic transforma-
tion of an ideal gas, expressed by Eq. (1), is obtained
in a familiar way (e.g., in Refs. [1] and [3]) from the
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classical law of gases PV = RT (written for one mole
of gas) and the law of conservation of energy. Here,
R = 8.31 J/K is the gas constant and T is the tem-
perature expressed in K. The power +y is given by the
ratio

v=Cp/Cy, (2)

where Cp is the heat to be delivered to one mole of
ideal gas at constant pressure to increase the gas tem-
perature by 1 K and Cy is the heat to be delivered to
one mole of ideal gas at a constant volume to increase
the gas temperature by 1 K.

For an ideal gas the internal energy levels of the
constituents are not electronically excited by defini-
tion. Just their translational energies can be varied.

In such a caselll

Cy =3R/2, (3)
Cp =5R/2, (4)

and the v appearing in Eq. (1) turns to be equal to
v=5/3. (5)
Hence equation (1), as is well known, acquires the form
PV5/3 = Constant. (6)

This relationship can be tapped classically in just
a few lines, for a set of states the gas can become
transformed adiabatically from an initial state to a fi-
nal one.?! Hence, the quantity PV” remains constant,
throughout. However, it seems that it has never been
considered what the specific alphanumeric expression
of this constant may be, if one actually exists.

V15/3

= Pz-‘/f/ 3 for adiabatic transformation be-

One usually is satisfied by writing P;
PV
tween states 1, 2, and 4, without wondering whether
all of these quantities will in fact become equal to a
particular constant.

Previously, Yarman et all obtained Eq. (6) for
an ideal gas based on non-relativistic quantum me-
chanics and provided an explicit expression for the
constant of on the right-hand side of Eq. (6). It should
be noted that their approach can be easily generalized
to the relativistic case.

Based on the approach of Ref. [5] the authors suc-
ceeded in showing that the constant on the right-hand
side of Eq. (6) for one mole of gas confined in a cube
amounts to Nah?n?/(4m), where N4 is the Avogadro

number, h the Planck constant, m the mass of the

molecule that the gas comprises and n the quantum
number associated with the average molecule in all
three directions.

Now we come to show why the quantum num-
bers associated with a given molecule remain the same
within the cube and expand them uniformly.

To further simplify the problem, we consider
a hypothetical one-dimensional box containing only
one molecule, which moves back and forth along a
given allowed single dimension. If this box expands
adiabatically, then the expansion work will be done
by the molecule of concern. The translational energy
of the molecule will be reduced by the same amount.
However, since the expansion is adiabatic, it becomes
evident that the quantum mechanical energy level of
the molecule will not be changed. In other words, the
translational energy of the molecule within the box
decreases, but the molecule still resides at the same
quantum level.

Now, likewise, it is evident that when we trans-
pose the one-dimensional adiabatic expansion into a
three-dimensional adiabatic and uniform expansion of
a cube, the one and the same quantum number asso-
ciated with a given molecule will not be changed. The
above may be condensed into the following assertion.

Assertion 1 The quantum number associated
with a molecule confined in a one-dimensional hypo-
thetical box expanding adiabatically is not changed
through the expansion. Likewise, the one and
the same quantum number associated with a given
molecule, confined in a cube, remain the same, if the
cube is expanded uniformly and adiabatically.

It is worth while to emphasize the common def-
inition of an ideal gas that is comprised of strictly
non-interacting molecules. The molecules, of course,
interact with the walls of the recipient confining them.
However, they do not interact with each other whatso-
ever. Thus each molecule behaves as a single quantum
mechanical particle locked up (potential energy wise)
in an infinitely high box. The wave functions of such
non-interacting molecules are not mixed and thus the
overall internal energy of the ideal gas can be found
as a simple sum of energy eigenvalues tapped for all
of the existing molecules.

Accordingly, we can state that we should not al-
low any irreversible process.

However, the average principal quantum num-

ber for any given molecule confined in a container of
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macroscopic size can be very large near room tempera-
ture, but this does not create any conceptual difficulty.
On the contrary, this allows us to neglect the exchange
interaction (thus omitting the spin effectsl®!) and to
use the classical kinetic theory of gases to character-
ize the macroscopic parameters of an ideal gas such as

the pressure.

3. Ideal gas contained in paral-
lelepiped geometry, undergo-

ing a non-uniform expansion

The authors of Ref. [5] previously restricted their
analysis to an ideal gas confined in a cube. The gener-
alization to the case of parallelepiped container is not
so trivial and requires more consideration.

We thus consider a particle of mass m at a fixed
internal energy state located in a macroscopic paral-
lelepipe of sides L., L,, and L,. Herein we will con-
sider the non-relativistic case. However, the approach
can be easily extended to the relativistic case.

The non-relativistic Schrodinger equation gives
the energy E, of the particle in the box at a given
energy level(6]

2 [(n2 n?  p?
e (EeRen) o
m x y z

where ng, ny, and n, are the quantum numbers to
be associated with the corresponding wave function
dependencies on the relevant directions x, y, and z.
For brevity, we introduce the subscript “n” which de-
notes the specific state characterized by the given set
of integer numbers n;, n,, and n.

For non-interacting particles of an ideal gas, the
potential energy within the box is null. Thus in the

non-relativistic case we have
B, =muv?/2 (8)

with v2 being the averaged squared velocity of the
particle at the n-th energy level.
At the given energy level, the pressure p,, exerted

by just one particle on either wall can be written as

__mvi 2 _En 2B,
- 3L,L,L, 3L,L,L., 3V’

(9)

Pn

For the sake of completeness, we recall the classi-

cal derivation of this equation. The force f, exerted

by a molecule of mass m and velocity v, {vy, vy, v;}
on the wall in the plane yz, is given by Newton’s
second law f, = —Ap,/At,, where Ap, = —2muv,
is the algebraic increment in momentum, whilst the
molecule bounces back from the wall, At, = 2L, /v,.
Thus one obtains f, = mv2/L, and the pressure ex-
erted by the molecule on the wall of concern becomes
p = fu/(LyL.) = mv2/V. At the equilibrium state
characterized evidently by the same temperature, one
can write v; = v} = v? = v}, /3. Hence we arrive at
Eq. (9).

Equations (7), (8), and (9), via the gas law p,V =
kT written now for just one molecule (k being the

Boltzmann constant), allow us to write

2 2 nz 2

sm\zz2 T2 T 12
- (02402 +07) = Ser (10)
2 r v ? 2

and at the given stationary state delineated by the
temperature T', one can conjecture that

2n2 1, h*nd
e 2= Y
8mLZ2 2 * 8mlL
1 5, ha2 1
= imvy = %fg = im'l)z, (11)
or, in short
Ne _ My _ Nz (12)

L, L, L,

This happens to be the equilibrium condition for
the parallelepiped geometry. This occurrence deserves
to be stated as our next assertion.

Assertion 2 In a parallelepiped geometry, built
on sizes L, L,, and L., and containing a given
molecule at a given quantum state n described by the
integers n,, n,, and n, at the equilibrium, one has
Ng/Ly =ny/Ly =n./L,.

Combining now Eqs. (7) and (9), we calculate (for
just one particle at the quantum level n) the product
P Vo3 as

2 (h?/8m) (n2 /L2 + n2 /L% + n?/L2)

WV = V5/3
p 3 -
h2 ’I’L?E n% ni 03
" Tm (L H 753 ) (Bl Lo (13

Normally we have many particles (rather than
just one particle) at different quantized states. This
means that we deal with the energy distribution of
molecules at a given temperature, instead of the fixed
eigenvalue given by Eq. (7) derived for a gas composed

of a single molecule.
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Just as the authors of Ref. [5] did before, in or-
der to describe the distribution of energy over the
molecules within an elaborated quantum mechanical
approach, we have to abandon the strict ideal gas ap-
proximation and introduce into the Schrodinger equa-
tion a potential energy term as a perturbation, which
would be then responsible for the weak interaction of
molecules, whose averaged value will somewhat ran-
domly affect all of the molecules of gas at each fixed
temperature.

We recall that such a distribution of perturbation
energy is to be compatible with the Maxwellian dis-
tribution of velocities. The analysis of this problem
though falls outside the scope of the present study.

Thus, for our immediate purpose it is sufficient to
take into consideration an “average molecule” at the
given temperature 7. We can visualize the average
molecule as a single particle obeying Eq. (13), thus it
is situated at the given n-th level, therefore relating
the given temperature to the energy of concern.

For one mole of ideal gas, which is thus composed
of N4 molecules, we can easily generalize Eq. (13) for
the macroscopic pressure P, exerted at the given av-
erage state n by one mole of gas on the walls of the

container, and the resulting equation is expressed as

p2 Na (p2 n2 2
P 5/3 _ xi Yy 21
nV 12m; 12 T2tz

X (LyLyL,)%?, (14)

where the quantum numbers n;;, n;y, n;, are associ-
ated with the i-th molecule.

Equation (14) shows that for a cubic container
(L, = L, = L,) P,V5/3 indeed turns out to be
a constant. However, for a parallelepiped geometry
(L. # L, # L.) the constancy of P,V°/3 is not
so obvious. More specifically, if one assumes, as a
rough approach, the constancy of quantum numbers
Nz, Niy, and n;; under the adiabatic transformation of
an ideal gas, just the way this takes place, in effect, in
a “one-dimensional” box (cf. Assertion 1), where only
one quantum number comes into play with the given
molecule; the right-hand side of Eq. (14) then becomes
dependent on the size of container, which evidently
contradicts the classical result PV®/® = Constant.

Therefore one can see that, in general, in the
three-dimensional case the quantum numbers 1, 7y,
and n;, must be changed through an adiabatic trans-

formation of the ideal gas. The exception is the case

where the adiabatic transformation is achieved uni-
formly (i.e. Ly — fLy, Ly, — fL,, and L, — fL,; f
being a multiplier characterizing the expansion), and
the right-hand side of Eq. (14) remains constant for
the fixed set of quantum numbers n;;, n;y, and n;,.

Therefore, we come to the following assertion.

Assertion 3 The quantum numbers associated
with a given molecule confined in a parallelepiped are
not changed through a uniform adiabatic expansion of
the box.

From the physical viewpoint this result can be
understood via the observation that the uniform adi-
abatic expansion of a container keeps the equilib-
rium condition (12) untouched. In contrast, any
non-uniform adiabatic transformation of the container
Eq. (12), and
leads to a new equilibrium, achieved after multiple

breaks the original equilibrium, i.e.

collisions of the molecules with the walls of the con-
tainer (we recall that in an ideal gas the molecules
are assumed not to collide with each other). In such
a case the quantum numbers ng., n,, and n, are, in
general, changed (here, we have omitted the subscript
“;” for brevity).

In order to determine the law of transformation
of quantum numbers, we reconsider the uniform adi-
abatic expansion of a parallelepiped container, imple-
mented through the following three stages.

(i) An adiabatic expansion in the z direction only:
L, L,L, — fL,, L,L, (where f > 1 for the expan-
sion process);

(ii) A further adiabatic transformation in just the
y direction: fL,, LyL, — fLy, fL,L;;

(iii) A final adiabatic transformation in just the z
direction: fL,, fL,L. — fLy, fLyfL,.

Next, we assume that the quantum number n, at
the first stage is modified by €., at the second stage
by a further coefficient €, and at the third stage by a
final coefficient €,,, so that at this latter stage we ar-
rive at the overall transformation n, — €;.€2yE2aMz-
Similar coefficients are to be introduced for the quan-
tum numbers n, and n,. For example, at the first
stage we have the transformation n, — ey,n,: at
the second stage we have the transformation €,,n, —
EyyEyzNy, and at the third stage we arrive at the trans-
formation eyyey2ny — €yzEyyEyznia-

Notice that after the implementation of all these
stages, on the whole, we obtain a uniform adiabatic
expansion of the container, where the quantum num-
bers ng, ny, and n, become equal to their original
values. Hence we arrive at the equalities as follows:

Exx€ay€az = 1, EyxCyylyz = 1, Era€2y€zz = 1, (15)
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which, in combination with Eq. (12), yield"

gl = f2/3a El#m = f_1/3 (l7 m=x, Zl/»Z) (16)

Equations (15) and (16) disclose the law of trans-
formation of quantum numbers

n (f) = € () 1, (17)

for the adiabatic expansion (f > 1) or adiabatic com-
pression (f < 1) of the container along the dimension
m by the coefficient f.2) We state this occurrence as
our next assertion.

Assertion 4 Consider a molecule imprisoned in
a parallelepipe of sizes L, L, and L,. The molecule
resides at a given quantum state n described by the
integers ng, ny, and n,. If the box expands adiabat-
ically along the x direction, so that L, — fL,, then
the quantum numbers become transformed as follows:
ny — f23n,, Ny — f*1/3ny, and n, — f~1/3n,.

Therefore, for the adiabatic transformation of the
container along the x axis (Ly, LyL, — fL,, LyL.),
via combining Eqs. (14), (16), and (17), we obtain

N 2 £—2/3
PV = 5 <”ﬂ20if4/3 nyif %/
12m &\ f2L2 2
nZ,f??
h? A (2, nyi 2
- 12m;<L§ T2 T T
X (L Ly L)%, (18)

which now indeed shows the constancy of the product
PV?®/3 through a non-uniform adiabatic transforma-
tion of the gas at hand, confined in a parallel pipe.

Analogously, one can derive the constancy of
PV5/3 for the transformation of the size of a container
along the y and z axes.

Further, we should interpret the quantum num-
bers ngi, Ny, and n;, and the sizes L, Ly, and L,
on the right-hand side of Eq. (18) as the initial pa-
rameters of the system “the ideal gas confined in the
Thus

the constant of the adiabatic transformation can be

container” at a given initial temperature Tj.

1

written in the form

h? A (n (To) | nyi (To)

=\ L} (To) L3 (To)
”gi(TO)
+ L?(To)> (V (T0))*/3, (19)

and any further adiabatic transformation of an ideal
gas keeps the constancy of PV®/3 in full agreement
with the classical result.

Equation (19) fulfills our goal in this paper. We
have indeed come to obtain not only the classical
adiabatic relationship PV? = Constant in a paral-
lelepiped geometry via non-relativistic quantum me-
chanics, which we geared to the classical definition of
ideal gas, but also the specific value of the constant
on the right-hand side of Eq. (19); furthermore we
have disclosed the rule about the modification of quan-
tum numbers of molecules, expressed via Egs. (16) and
(17).

For the special case of a cube, the right-hand side
of Eq. (19) becomes

h2 A

COnStaJntcubic container —

izTQ
4m niz (To)

=1
h2n (Tp)?

=N
A 4dm

(20

where n pertains to the average molecule as stated in
the previous work. [

Therefore, our result indicates that the behaviour
of an ideal gas can be understood within a quantum
mechanical approach and the constancy of PV hap-
pens to be rooted in quantum mechanics.

Note further that Eq. (19) holds for a photon
gas and we spare the discussion of further interesting

points for a future work.

4. Discussion

Thus, having obtained the law of adiabatic trans-
formation for an ideal gas, i.e. Eq. (1) from non-
relativistic quantum mechanics, we not only find a

new way to derive this law, but also obtain the value

Here we should remember that both the initial and the final sets of quantum numbers must appear as integers in order to

maintain the boundary condition of the vanished wave function on the walls of the container. This means that each of the coef-

ficients &7, must not appear as a continuous function. However, the quantum numbers are so huge for an ideal gas confined in a

macroscopic container near the room temperature!®!

coefficients gy, .
2)

and thus, we may overlook the mentioned constraint of non-continuity of the

The general case of a non-uniform transformation of a container in all three dimensions simultaneously can be processed as a

succession of corresponding non-uniform transformations in each dimension by using Eq. (17).
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of the constant appearing in the classical expression
of the constancy of the product PV5/3 (see Eq. (19)).

We further determine the law of transformation
of principal quantum numbers (Egs. (16) and (17))
under a non-uniform adiabatic expansion of a paral-
lelepiped container.

The constant on the right-hand side of Eq. (19)
happens to be inversely proportional to the mass m
of the molecule that the gas comprises. It seems use-
ful to carry out a cross-check exercise, based on this

phenomenological law written in the following form:

constant’

PV5/3 = = constant, (21)

m

where the constant’ (cf. Egs. (19) and (20)) has the
dimension of the square of the Planck constant.
Therefore, one can achieve the following out-
comes. Consider different ideal gases composed of dif-
ferent molecules with respective masses my, ms, m;,
etc., contained in (for simplicity, though without any
loss of generality) different cubes of equal size. Sup-
pose that each gas amounts to one mole. They are at
respective temperatures Ty, Ts, T;, etc., and we have
m1 Ty = moTy = m;T;, so that one can come out with
the same average quantum number for all of them, at
the given initial temperatures T1, Ts, T; (cf. Eq. (10)).
Now, we measure the pressure and calculate for

each gas the product PiVZ-S/ s

, then plot this quantity
versus 1/m;. One should then obtain an increasing
straight line and the slope of it must turn out to be
nailed to h2.

Thus, if experiments with rarefied gases, which
are well described by the ideal gas approximation, con-
firm the validity of Eq. (20) (and we do not have any
reasons to doubt it), then such a result definitely in-
dicates that the relationship between the classical law
of gas and quantum mechanics holds true.

It is further interesting to comment on the law of
transformation of principal quantum numbers for an
adiabatic expansion (or compression) of an ideal gas
(Egs. (16) and (17)), based on the known form of the

wave function associated with a molecule,[” i.e.

| 8 @
¢($ay,z)= I@Tyhsinzx
™,

X Sin%ysin 17/: z. (22)

The boundary conditions for an infinitely high box,
where its left bottom corner is located at the origin of

coordinates, are

1/)(073/72:) = '(/J(Z’,O,Z) = ¢($aya0) = ’(/)(Lm,y,2>
= ’(/J(l’,Ly,Z) = ¢(m7y7Lz) =0. (23)

Further, we have found above that for the uniform
adiabatic expansion of the box (L, LyL, — fL,,
fLy, fL,) the quantum numbers ng, ny, and n, re-
main unmodified. In view of Eq. (21), this means
that the periods of the sine functions embodied by
the wave function along each spatial dimension are
also multiplied by the factor f. This observation con-
forms fully with the known result that the adiabatic
expansion of an ideal gas leads to the decrease of the
translational energy of its constituents, thereby caus-
ing their de Broglie wavelength to stretch correspond-
ingly. At the same time, it is interesting to recall that
in a non-uniform expansion of the container, say, in
the case where L, increases by the factor f, so that
(Ly, LyL, — fL,, L,, L,); the spatial period of the
wave function along the x direction, in effect, increases
by a coefficient smaller than f, leading to an increase
in quantum number n, (see Egs. (16) and (17) at
I,m = x). Concurrently the overall decrease of the
translational energy of a molecule under an adiabatic
expansion of the ideal gas stipulates that the corre-
sponding increase in the spatial period of the wave
function along the y and the z directions, with sizes
Ly, and L, fixed, leads to the decrease of quantum
numbers n, and n, as indicated by Egs. (16) and (17).
In a similar way one can consider that the quantum
numbers vary with the expansion of the ideal gas along
other spatial dimensions.

We hope that the novel derivation of the law of
adiabatic transformation of an ideal gas, which we
have presented in the paper, will be useful for a better
understanding of its relationship with quantum me-
chanics, and thus enriches its physical content.

Last but not the least, our derivation displays how
the mass (mass of the molecules that the gas at hand
comprises), space (size of the container at hand), and
the time (period of time of the average molecule in
consideration takes to cross the box of concern from
one edge to another) must be organized, even in the
very complicated case of a gas made of billions of
particles. As shown in Refs. [8]-[12], the product of
mass by pressure by volume to the power 5/3 must be
nailed down to a universal constant, more precisely
the square of the Planck constant, in order to cope
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with the end results of the Special Theory of Rela-

tivity, which the box brought together to a uniform

translational motion.
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